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In this paper, natural convection heat transfer in a vertical porous layer is studied both 
analytically and numerically. A constant heat f lux is applied for heating and cooling the 
long side walls of the rectangular cavity, whi le the other two walls are insulated. The 
porous medium is assumed to be hydrodynamically anisotropic with its principal axes 
oriented in a direction that is oblique to the gravity vector. In the formulation of the 
problem, use is made of the Brinkman-extended Darcy model which allows the no-slip 
boundary condition on a solid wall, to be satisfied. The governing equations are solved 
analytically, under the boundary-layer approximations, using the modified Oseen tech- 
nique. The effects of varying the Rayleigh and Darcy numbers, the anisotropic permeability 
ratio, and the orientation angle of the principle axes on the f low and heat transfer are 
investigated. A numerical study of the same phenomenon, obtained by solving the com- 
plete system of governing equations, is also conducted. Results are reported in the range 
5 0 0 < R < 1 0 0 0 ,  10 -7<Da_<103 ,  0 . 2 5 < K * < 4 ,  00_<0_<90 ° , and A = I  and 4. Good 
agreement is found between the analytical prediction and the numerical solution. © 1997 
by Elsevier Science Inc. 
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Introduction 

Convection heat transfer in porous media is of fundamental 
importance in such technologies as geothermal exploitation, oil 
recovery, and radioactive waste management. It is also important 
to geophysics and environmental sciences. Much of this activity, 
both numerical and experimental, has been summarized by Nield 
and Bejan (1992). A review of the literature shows that most 
previous studies on heat transfer in porous media considered the 
isotropic situation; whereas, in several applications, the porous 
materials are anisotropic. Despite this, natural convection in 
such anisotropic porous media has received relatively little atten- 
tion. 

Thermal convection in a porous medium with anisotropic 
permeability was first considered by Castinel and Combarnous 
(1974), who conducted an experimental and theoretical investiga- 
tion in a horizontal layer heated from below. The critical Rayleigh 
number for the onset of convection was predicted by these 
authors. Their results were extended by Epherre (1975) and 
Kvernvold and Tyvand (1979) who considered a more general 
type of anistropy. The effects of anisotropy on the steady flow 
patterns at slightly supercritical Rayleigh numbers were dis- 
cussed by Nilsen and Storesletten (1990). The stability of these 
flow patterns were examined against two-dimensional (2-D) per- 
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turbations using a weakly nonlinear theory. Convection at- 
tributable to side-heating in a vertical cavity has also been 
considered by several authors. For example, the case of a square 
cavity with homogeneous media that is both thermally and hydro- 
dynamically anisotropic has been investigated analytically by 
Kimura et al. (1993) and numerically by Ni and Beckermann 
(1991). The effect of both anisotropy of permeability and thermal 
conductivity on the overall Nusselt number was found to be 
equally significant. 

A few studies have also been concerned with the case when 
the principal axes of anisotropy of the porous structure are 
inclined with respect to the gravity force. For this situation, the 
onset of motion in a porous layer heated from below was pre- 
dicted by Tyvand and Storesletten (1991) and Zhang et al. (1993). 
It was demonstrated that the influence of the anisotropy orienta- 
tion considerably modifies the stability limit. Convective heat 
transfer in a vertical cavity heated from the side with various 
thermal boundary conditions has been investigated by Zhang 
(1993), Degan et al. (1995), and Degan and Vasseur (1996). It 
was demonstrated that the heat transfer was maximum when the 
principal axis with higher permeability is parallel to the vertical 
direction, and minimum when it is perpendicular. A numerical 
study of natural convection taking place between horizontal 
concentric cylinders heated isothermally has been performed by 
Aboubi et al. (1995). Results indicate that for an arbitrary 
inclination of the principal axes, which differs from the horizon- 
tal or the vertical direction, a net circulating flow occurs around 
the annulus, with the maximum value reached when the principal 
axes are approximately at 45 ° with respect to the vertical direc- 
tion. 
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In all the studies cited, the porous media have been modeled 
according the Darcy's law. The main advantage of the Darcy flow 
model is that it linearizes the momentum equation, thus remov- 
ing a considerable amount of difficulty in solving the governing 
equations. It has been demonstrated in the past by Cheng (1978), 
Chan et al. (1970), Tong and Subramanian (1985), and Vasseur 
and Robillard (1987), among others, that Darcy's law is, indeed, a 
good approximation for low-porosity media; i.e., when the Darcy 
number Da, based on the height of the porous medium is less 
than approximately 10 --3. However, for higher values of Da, 
Darcy's model may incorrectly overpredict the heat transfer and 
flow rate, because it cannot account for the no-slip boundary 
condition on rigid boundaries. To consider the boundary effect, 
which may become important in porous media with high porosi- 
ties, Brinkman's extension of Darcy's law should be used. 

The purpose of the present work is to study the boundary 
effect in a vertical cavity filled with a porous medium anisotropic 
in permeability. A constant heat flux is applied on the vertical 
side walls, while the top and bottom walls are adiabatic. The 
problem is formulated in terms of the Brinkman-extended Darcy 
model. The porous medium is anisotropic in permeability with its 
principal axes oriented in a direction oblique to the gravity 
vector. On the basis of a modified Oseen linearization method, a 
closed-form solution is obtained for the temperature and velocity 
distributions in the boundary-layer flow regime. The full govern- 
ing equations are solved numerically, using a finite-difference 
procedure, to assess the validity of the analytical results. Effects 
of various parameters, such as the Rayleigh number R, the Darcy 
number Da, the permeability ratio K*, and the rotation angle 0 
of the principal axes are analyzed. 
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Mathematical formulation 

The physical situation and coordinate system are depicted in 
Figure 1. The vertical rectangular enclosure is of height H '  and 
thickness L'. The two end walls are insulated while a uniform 
heat flux q' is applied along both side wails. The thermophysical 
properties of the fluid are assumed constant, except for the 
density in the buoyancy term in the momentum equations. The 
porous medium is anisotropic, the permeabilities along the two 
principal axes of the porous matrix being denoted by K l and K 2. 
The anisotropy of the porous medium is then characterized by 
the permeabilities K 1 and K 2 and the orientation angle 0, 
defined as the angle between the horizontal direction and the 
principal axis with permeability K 2. 

Under the above approximations, the equations governing the 
conservation of mass, momentum, and energy can be written as 
follows. 

V.V' = 0 

rr 

V '  = - - (  - - V p '  a t- O g  -t- ILl, elf V2 V ' )  
p, 

OT' 
( O c ) v - ~  + (Qc)fV-(V'T') = kV2T ' 

(1) 

(2) 

(3) 

where V' is the superficial flow velocity, T' temperature, p '  
pressure, O density, g gravitational acceleration, t' time, (0c)v 
and (Oc)/ heat capacities of the saturated porous medium and 
the fluid, respectively, p. dynamic viscosity, P, af apparent dy- 
namic viscosity for Brinkman's model, and k thermal conductiv- 

Notation 

A 
C 

a,b,c 
Da 
g 
H '  
k 
,~, 
K1, K2 
K* 
L' 
Nu 
p '  
q' 

R 
Ra 
t' 
~ro 

T 
AT 

AT* 

AT' 
V' 
U,U 

x,y  

aspect ratio of the cavity, H'/L'  
vertical temperature gradient in the core of the 
cavity, AT* / A  
constants, Equation 7 
Darcy number, K1/L '2 
gravitational acceleration 
height of the. cavity 
thermal conductivity of the saturated porous medium 

flow permeability tensor, defined in Equation 4 
flow permeability along the principal axes 
permeability ratio, K1/K 2 
thickness of the cavity 
Nusselt number, Equation 11 
pressure 
uniform flux of heat (per unit area) 
Rayleigh number for porous media, Klt~L'Zq'/kotv 
Raleigh number of a fluid, R / D a  
time 
reference temperature at the geometric center of the 
cavity 
dimensionle.,~ temperature, (T' - To)/AT' 
dimensionle.,~ wall-to-wall temperature difference at 
x = const 
temperature difference between horizontal bound- 
aries 
characteristic temperature difference, q'L'/k 
seepage velocity 
dimensionle~,~ velocities in x- and y-directions, 
(u', v')L'/ct 
dimensionless cartesian coordinates (x', y')/L' 

Greek 

et thermal diffusivity 
13 coefficient of thermal expansion of the fluid 
8 dimensionless thickness of the horizontal boundary 

layer, ~'/L' 
8T temperature difference between vertical boundaries 
0 inclination of the principal axes 
p, dynamic viscosity of the fluid 
~eff apparent dynamic viscosity for Brinkman's model 
h relative viscosity, [J, eff//I.l, 
v kinematic viscosity of the fluid 
0 density of the fluid 
(O.c)/ heat capacity of the fluid 
(Qc)p heat capacity of the saturated porous medium 
(r heat capacity ratio, (Oc)J(Oc)f 
t~ dimensionless stream function, # ' /ct  

Superscript 

dimensional quantities 

Subscripts 

o refers to the center of the cavity 
oo refers to the core region 
max maximum value 
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Figure 1 Physical situation and coordinate system 

ity. The second-order permeability tensor ~" is defined as 

KlCOS 0 + K 2 sin 20 (K~ - K 2)sin 0 cos 0 ] 
~ " =  [ ( K I - K 2 ) s i n 0 c o s 0  K2cos20 +Klsin20 J 

(4) 

Introducing the Boussinesq approximation, eliminating the 
pressure term in the momentum equation in the usual way, and 
taking L',o~/L' [where ot = k / ( o c ) i ]  , AT' = q ' L ' / k  and 
L'2~r/ot[tr =(Oc)i,/(Oc)/] as respective dimensional scales for 
length, velocity, temperature, and time, the governing equations 
may be written in nondimensional form as 

020 020 020 OT 
+ b + c = k DaV40 + R~-7- (5) a - ~ y 2  Ox oy Ox 2 oy 

OT 00 aT 00 OT 
+ V2T (6) 

Ot Oy Ox Ox Oy 

where 

a = cos20 + K* sin20 
b = 2(K* - 1)sin 0 cos 0 
c = sin20 + K* cos20 

(7) 

In the above equations, R = KiG~q'L'2/kctv, is the Rayleigh 

number based on permeability K 1, K* = K 1 / g  2 the permeability 
ratio, k = Id, eff//~,L the relative viscosity, Da = K1/L '2 the Darcy 
number, and 0 the stream function related to the velocity 
components by 

o 0  o 0  
u = - - ,  v = - - -  ( 8 )  

Oy Ox 

so that the continuity Equation 1 is automatically satisfied. 
For an isotropic porous medium (K* = 1), the set of Equa- 

tions 5-7  reduces to the usual Brinkman-extended Darcy model 
used in the past by many authors (see e.g. Tong and Subrama- 
nian 1985). 

The boundary conditions are given in dimensionless form as 

00 OT 
a t x =  +A/2:  0 = - - = 0 ,  - - = 0  (9) 

Ox Ox 

00 OT 
at y = O , l :  0 = - - = 0 ,  - - = 1  (10) 

Oy Oy 

where A = H'/L '  is the cavity aspect ratio. 
From the dimensionless Equations 5-10, it is seen that the 

present problem is governed by six dimensionless parameters; 
namely R, Da, k, 0, K*, and A. However, in the present study, 
the value of V%tf in Brinkman's extension is taken, as a first 
approximation, equal to tz (i.e., k = 1). 

The heat transfer across the system can be expressed in term 
of a Nusselt number at y = 0, defined as 

1 
Nu = k AT (11) 

where AT is the actual wall-to-wall temperature difference which, 
because of the thermal boundary conditions considered here, will 
be demonstrated to be independent of altitude x. 

Numerical solution 

The solution of governing Equations 5-8  under boundary condi- 
tions (Equations 9-10) was obtained using a standard finite- 
difference numerical method. The first-order derivatives were 
approximated by central differences, and second-order approxi- 
mations were used for the derivatives in the boundary conditions. 
The temperature field was first found by solving Equation 6 
using an alternating-direction-implicit procedure (ADD and as- 
suming known initial 0 and T fields. Once the temperature had 
been determined, Equation 5 was solved using a successive 
over-relaxation method (SOR). The 0 values so obtained were 
used in Equation 6 together with the more recently calculated 
temperature field to obtain new values for the temperature. The 
iterative cycle was repeated until a convergence criterion of 
0.05% was satisfied. The heat transfer through each plane y = cte 
was evaluated at each grid location 0 _< y < 1 and compared with 
the input at y = 1. Such an energy balance was satisfied to within 
0.1% for most of the results reported here. 

For the present work, uniform mesh sizes have been used for 
both x- and y-directions. Based on the several trial cases, a 
suitable grid field of 50 × 50 was selected for the present calcula- 
tions. In the cases where the Rayleigh number was large, the grid 
fineness was improved up to 50 × 80. Typical values of the 
time-steps range from 5 × 10 -5 to 10 -3. The CPU time required 
to reach steady state was approximately from 80 to 480s on an 
IBM RISC 6000/RS 365 workstation. 
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Because of the particular thermal boundary conditions con- 
sidered here, the solution to the present problem is independent 
of the aspect ratio A of the cavity in the limit of A > 1. For the 
case of an isotropic DaTcian medium, it has been demonstrated 
numerically by Vasseur et al. (1987) that this was, indeed, the 
case when A was approximately equal to or greater than 2. 
Other tests have been performed here, and it was found that Nu 
converges very fast to an asymptotic value when A > 4. There- 
fore, most of the numerical results presented here were obtained 
for A =4 .  

Figure 2 illustrates typical streamlines and isothermal pat- 
terns, obtained numerically for R = 500, A = 1 (i.e., a square 
cavity) and various values of Da, K*, and 0. For each map of 
Figure 2, the increments between adjacent streamlines and 
isotherms are A~ = ~max/]0 and AT = (Tma x - Train)/10 respec- 
tively, where ~ma~ is the maximum value of the stream function 
and Tma x and Tmin the maximum and minimum values of the 
dimensionless temperature field located at the upper fight-hand 
corner and lower left-hand corner of the cavity, respectively. 

Boundary-layer regime pourous layer." G. Degan and P. Vasseur 

Figures 2a, c, and e exemplify the effects of varying t h e  
permeability ratio K* and the angle of the principal axes 0 on 
the flow patterns and isotherms with Da = 10-5; i.e., when the 
Darcy number is relatively small. For this situation, the 
anisotropic permeability of the porous medium is seen to have a 
strong influence on the convective flow within the cavity. Thus, 
for 0 = 0 ° and K* = 10-3 (Figure 2a), the flow pattern is seen to 
be strongly channeled along the horizontal boundaries because 
of the relatively high permeability in that direction. For the same 
reason, the convective cell for 0 = 45 ° and K* = 102, Figure 2c, 
is aligned along the diagonal region of the cavity, while for 
0 = 90 ° and K* = 10 -2, Figure 2e, the flow is channeled along 
the thermally active vertical walls. Also, it is observed from the 
isotherm patterns that the heat transfer across the cavity is 
promoted as the value of K* is made smaller. Thus, for K* = 102, 
the heat transfer is almost by pure conduction (Nu = 1.17), as 
indicated by the nearly vertical isotherms of Figure 2c, while it is 

relatively high ( N u =  10.78) for K * =  10 -2 for which the 
isotherms of Figure 2e are considerably distorted. This trend 

(a) 

(~) 

(b) 

(d) 

(e) (t) 

Q 
(g) 

Figure 2 Numerical solutions for the f low and temperature fields, R=500,  A = I  and: a) D a = 1 0  -s, 0 = 0  °, K * = l O  -3, 
~rnax=4.40, NU= 5.909, Tmax = -Tmin=O.247; b) Da= 10 -3, 0 = 0  °, K * =  10 -3, ~max=3.92, NU=4.727, Trnax = -Tmin=O.3045; 

5 o * 2 3 o * 2 c) D a = 1 0 -  , 0 = 4 5 ,  K = 1 0  , qJma~=0.79, Nu=1.173,  T. ,~x=-Tm,,=0.576;  d) D a = l O -  , 0 = 4 5 ,  K = 1 0  , ~max=0.785, 
NU= 1.170, Trnax = - Trnin=0.5759; e) D a = 1 0  -s, 0 = 9 0  °, K * = I O  -2, ~r . .x=4.77,  NU= 10.781, Tm~x = - Trnln=0.2613; f) Da= 

3 o * - 2  10- , 0 = 9 0 ,  K = 1 0  , ~max=4.175, Nu=5.414,  Tmax=-Tmin=0.3041; and g) Da=10 ,  ~max=0.0528, NU=I .00 ,  Tmax = 
- -  T m i  n = 0.5068; 
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follows from the fact that for a fixed value of R (i.e., K 1) a 
decrease in K* involves an increase in the permeability K 2, 
resulting in a stronger flow, thus promoting the heat transfer. 

The results obtained above for Da = 10 -s are qualitatively 
similar to those reported by Ni and Beckermann (1991) and 
Degan et al. (1995; 1996) on the basis of Darcy's law; i.e., for 
low-porosity media. This result is expected, because when Da is 
small enough, the viscous terms, which are responsible for the 
boundary effects, are negligibly small, and Darcy's law correctly 
describes the flow behavior. However, for porous media with 
high porosities, such as foam metals and fibrous media, the 
boundary effects may become important, and Brinkman's exten- 
sion of Darcy's law must be used. Hence, upon increasing the 
Darcy number from Da = 10 -5 to Da = 10 -3, the resulting flow 
patterns, Figures 2b, d, and f, are observed to be considerably 
modified (expected for K* = 102, Figures 2c and d, for which the 
convection is so weak that the effect of Da is negligible). In 
particular, the streamlines are seen to be more sparsely spaced 
near the solid boundaries as the value of Da increases. This is 
expected, because the viscous term (Brinkman) becomes more 
important and slows down the fluid in the neighborhood of the 
walls. Also, the effects of varying the anisotropic properties of 
the porous medium are observed to become less significant. This 
follows from the fact that, as the Darcy number is increased, the 
boundary frictional resistance is enhanced and adds to the bulk 
frictional drag induced by the solid matrix to slow the convection 
motion. As a result, the influence of the anisotropic permeability 
of the porous medium becomes gradually less important. Thus, 
when Da = 10, the flow pattern illustrated in Figure 2g corre- 
sponds approximately to that of a pure fluid situation for which 
the anisotropy of the porous medium is irrelevant. 

Approximate analytical solution 

In this section, an approximate analytical solution is presented 
for the case of convection at large Rayleigh numbers. When R is 
large enough, the flow will have a boundary-layer-core structure 
consisting of a thermally stratified core region and two vertical 
boundary layers. For this situation, the orders of magnitude of 
the quantities of interest involved in the problem can be pre- 
dicted on scaling grounds. Also, as is demonstrated, it is possible 
to derive an analytical solution to the steady-state problem valid 
for a large domain of parameter values. 

Scale analysis 

In the boundary-layer regime, most of the fluid motion is con- 
fined to a thin vertical boundary layer of dimensionless thickness 
8 = 8 ' /L ' .  Let 5u and 5T be the velocity and temperature 
changes across this layer and AT* the temperature difference 
between the horizontal boundaries. The two temperature scales 
8T and AT*, although interrelated, are quite different and must 
be treated appropriately in evaluating the conduction and con- 
vection terms. 

As the heat flux is imposed along the vertical boundaries, we 
must have 

8T 
- -  ~ 1 ( 1 2 )  
8y 

while the equation governing the conservation of energy requires 
that 

5T 
8 u C  ~ (13) 8y 2 

where C = A T * / A  is the vertical temperature gradient in the 
core of the cavity. 

The momemtum Equation 5 indicates that, in the general 
case, the buoyancy forces are related in so complicated a way 
with the inertia and the viscous terms that it would not allow for 
estimations of the order of magnitude of the stream function by 
scale analysis. However, for the two limiting cases of low-porosity 
media (Da ~ 0) and high-porosity media (Da--+ oo), order-of- 
magnitude estimates can be derived on scaling grounds. 

Da < 1 : the  low porosity media l imi t .  For this situation, as 
demonstrated by the numerical results of Figure 2, the anisotropy 
effects (i.e., the terms on the left-hand side of Equation 5) are 
predominant. A balance between those terms and the buoyancy 
term requires that 

8T 8u 
R ~y  ~ a B-y (14) 

Moreover, the temperature gradient C can be determined, by 
using an energy flux integral at any x-section (see, e.g., Bejan 
1983), as 

C ~ 5u 8T 8y (15) 

Solving Equations 12-15, it is readily found that 

3 "  

(16) 

while the Nusselt number, Equation 11, is given by 

Nu ~ R2/Sa- 2/5 (17) 

Similar results have been obtained by Degan et al. (1995) 
while considering the present problem on the basis of the Darcy 
model. 

Da =- 1 : t he  h igh porosity media l imi t .  For this situation, a 
balance between the buoyancy and the viscous terms in Equation 
5 requires 

8T 8u 
RT-- ~ Da (18) 8y 3 ~y  

so that Equations 12, 13, 15, and 18 yield 

8u ~ Ra 3/9 ~y = 8T ~ Ra -2/9 / (19) 
C ~ Ra -1/9 Nu ~ Ra 2/9 ) 

where Ra = R Da -1 is the Rayleigh number for a pure fluid 
medium. 

The above orders of magnitude are in agreement with the 
analytical solution predicted by Kimura and Bejan (1984) for the 
case of a vertical fluid cavity heated from the sides by constant 
heat fluxes. 

Boundary-layer approximation 

In this section, expressions for the velocity and temperature 
fields, valid in the boundary-layer regime (R---, oo), are derived. 
Making the usual boundary-layer simplifications, the approxi- 
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mate forms of Equation:; 1, 5, and 6 can be obtained as 

Ou Ov 
- -  + - -  = 0 ( 2 0 )  
Ox 0y 

Ou O3u OT 
aoy = DaVy3 + R ~ y  

O2T OT OT 
- - = u - - + r -  Oy 2 Ox Oy 

(21) 

(22) 

The corresponding diimensionless boundary conditions for the 
left boundary layer are 

OT 
y =0: u =v =0, - -  = 1 (23) 

#x 

(u  --+ O 
y --, oo: ~ T --* Too(x) (24) 

Iv -, v=(x) 

where subscript co refers to the conditions in the core of the 
cavity, outside the boundary layer. 

From Equation 5 it is clear that the above boundary-layer 
approximations are valid only when the second and third terms 
on the left-hand side can be assumed negligible when compared 
with the first term. Thu~,;, when the conditions 

a2, a2# 
a--~y2.boxo---- ~ (25) 

and 

02~J ~2~11 
a-~-y 2 >- c 0 x  2 

(26) 

are satisfied. 
Upon introducing the orders of magnitude obtained for the 

low-porosity media limiit, for which the effects of varying the 
anisotropy of the porous matrix are predominant, it is found that 
the parameters b and c must satisfy the following relationships 

b <Aa3/SR 2/5 (27) 

and 

C <A2al/SR 4/5 (28) 

which are not too restrictive, because R, in the boundary-layer 
regime, is very large. 

Equations 20-24 are similar to those derived by Vasseur and 
RobiUard (1987) while considering boundary-layer flows within 
an isotropic porous cavity (a = 1). Their solution, based on the 
modified Oseen method, can be used directly here. From their 
results, it is readily deduced that the flow and temperature fields 
for the present problem are given by 

u BD e-py/4sinh Y (29) 

4 ( p D ) a u  
T =  - -~Dape-py/4cosh --~-y + ~ + T~o (30) 

64DaR x 
~oo , Too = -7-, v® = 0 (31) B 2 ¥= 
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where 

B = (Da p2 _ 4a) 

(32) 

and p is given by the following transcendental equation 

( B  - 8a) 
p = 8192 R 2 Da 2 B----T-- (33) 

From Equation 11, the resulting Nusselt number is given by 

Nu = - -  
B 

8 Da p (34) 

Results  and discussion 

Figures 3a and 3b show, respectively, the vertical velocity and 
temperature profiles at midheight of the cavity (x = 0) when 
R = 500, Da = 10 -2, ~ = 90 ° and various values of K*. Because 

2O I 
I K*=0.~ ,IgMN.~rlCN. 

/ ~  SOLUTION 

15 • NUMERICAL 

lul 
l O  

S 

0 I = f 
0 0.1 0.2 0.3 0.4 

o.,; Y- 
I ~  - -  ~ . v r c ~ s o , t m o N  
I ~  • NUMERICAL RESULTS 

0"15 k ~  

ITI I \ \  \ 
0.1 ~- ~ t ~  o.+L  

o 
0 0.1 0.2 0.3 0.4 0.s 

Y 
Figure 3 The effects of the permeability ratio K* for R= 
500, Da= 10 -2, 0=90 ° on: a) velocity profile; and b) temper- 
ature profile 
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the results are antisymmetrical with respect to y, they are pre- 
sented only for 0 < y  < 0.5. The solution of the boundary-layer 
analysis, represented by solid lines, is seen to agree well with the 
numerical results depicted by circles. Figure 3a indicates that the 
velocity at the wall is zero, because, with Brinkman's model, the 
viscous forces are accounted for and the no-slip boundary condi- 
tion is satisfied. The velocity increases to a maximum, the posi- 
tion of which depends upon the value of K*, and then drops 
back to zero in the core region of the enclosure. In general, 
Figure 3a indicates that the strength of the convective motion is 
enhanced, with respect to the case of an isotropic medium 
(K* = 1), when the permeability ratio K* is made smaller than 
one. This is expected, because for a given R (i.e., K l) a value of 
K* smaller than unity, when 0 = 90 °, corresponds to an increase 
of the permeability K 2 in the vertical direction, thus promoting 
the convective circulation within the cavity. Naturally, the reverse 
trend is achieved when K* is made larger than 1. The effects of 
varying K* on temperature profiles are illustrated in Figure 3b. 
All the curves have a constant slope at y = 0, because a constant 
heat flux is prescribed on the vertical walls. Also, it is noticed 
that the temperature on the wall of the cavity, drops as the value 
of K* is increased. In the present problem, it should be noted 
that, contrary to the case of isothermal walls, the effect of 
varying convection is not to increase the heat flux across the 
boundaries but rather to decrease the temperature induced within 
the cavity during this heating process. For this reason, the 
temperature profiles drop as K* is made smaller, i.e., as the 
convection is favoured. 

The effects of varying 0, the inclination of the principal axes, 
on the vertical velocity and temperature profiles are presented in 
Figures 4a and b for R = 400, Da = 10 -2 and K * =  0.25 (i.e., 
K* < 1). The results indicate that the strength of the convective 
motion is maximum when 0 = 90 ° and minimum when 0 = 0 ° and, 
accordingly, the temperature is maximum and minimum when 
0 = 0 ° and 90 °, respectively. For (K* > 1), the results (not pre- 
sented here) show that convection is now maximum when 0 = 0 ° 
and minimum when 0 = 90 °. Thus, the convection motion is 
maximum when the orientation of the principal axis with higher 
permeability of the anisotropic porous medium is parallel to the 
gravity. 

The effects of varying the Darcy number Da on the present 
problem are now discussed. Because it is well known the 
Brinkman equation reduces to the Darcy situation when Da ~ 0, 
and to the pure fluid situation, in the absence of inertia effects, 
when Da -~ oo these two limits are first discussed. 

Da =- 1 : The Darcy medium si tuat ion. When Da ~ 0 it may 
be shown that p, Equation 33, reduces to p = 2[(a/Da)l /2  + 
(R/a)2/5]. Substituting this result into Equations 29-32 and 34 it 
is readily found that the velocity and temperature fields and the 
Nusselt number are given by 

R) /5, x 
4= = T® ~= (35) 

u=--(R)3/Se-(a/a)2/sY, / R \ -2/5 
T = - ( ~ )  e-(R/a)2/'y+T~ 

(36) 

(37) 

which is exactly the behavior predicted by the previous dimen- 
sional analysis, as can be seen from Equations 16 and 17. 
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Figure 4 The effects of the inclination angle 0 for R=500,  
Da----10 -2, K*----0.25 on: a)veloci ty profile; and b) tempera-  
ture profile 

Da >- 1 : The viscous f luid si tuat ion. For this situation, the 
value of p is approximately given by p = (8192 Ra2) 1/9, and it is 
found that 

64 Ra x 
,=  = , r =  = - : -  ( 3 8 )  p4 % 

(;) u = - ~ Ra e-py/4sin y , 

4 T= - pe-PY/4cos y + T® (39) 

P 
Nu = -- (40) 

8 

in agreement with the predictions of Equation 19. 
Upon integrating the velocity profile, Equation 29, over the 

thickness of the boundary layer, it is found that the resulting flow 
rate Q is given by Q = 6 4 R D a / ( D a p  2 -  4a) 2. Similarly, inte- 
gration of Equations 36 and 39 yields Qo = Ri/5a-1/5 for a 
Darcy medium, and Qf = 1.167 Ra 1/9 for a pure viscous fluid. In 
Figure 5, the flow rate Q, within the boundary layer, is plotted as 
a function of Da for the case R = 500, 0 = 45 ° and various values 
of K*. The results indicate that, in comparison with the isotropic 
situation (K* = 1), the flow rate Q is enhanced for K* < 1 and 
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Figure 5 Effect of the Darcy number on the flow rate O for 
R=500, 0=45 ° and various values of K* 

reduced for K* > 1. ,a~; discussed previously, this trend follows 
from the fact that for a fixed value of R (i.e., K l) an increase 
(decrease) in K* corresponds to a decrease (increase) of the 
permeability K2, i.e., a weaker (stronger) convective flow. Also, 
Figure 5 indicates that the flow rates predicted by Darcy's model 
start to deviate from Brinkman's model at a Darcy number that 
increases as K* is made larger. For example, this happens at 
Da = 10 -4 when K* = 0.25 and at Da = 10 -3 when K* = 4. 
When the Darcy number is made large enough, the results 
indicate that the curves, for a given value of K*, tend asymptoti- 
cally toward the pure fluid situation. The Darcy number required 
to reach this limit increases as the value of K* is made larger. 

In Figure 6, the Nusselt number, given by Equation 34 is 
plotted as a function of Da for R = 500 and various values of K* 
and 0. A good agreement is observed between the analytical and 
the numerical results. It is clear from Figure 6 that, when Da is 
small enough, Nu tends asymptotically toward a constant value 
that depends on K* and 0. The limit Da ~ 0 corresponds to a 
pure Darcy medium situation for which Nu is given by Equation 
37. Thus, for example, Nu = 6 for an isotropic porous medium 
(K*,  i.e., a = 1). In the pure Darcy situation, the effects of the 
anisotropy of the porous medium on the heat transfer are ob- 
served to be significant. Thus, for 0 = 90 °, the Nusselt number 
Nu is equal to 10.4 wben K* = 0.25 and to 3.5 when K* = 4. 
When compared with an isotropic porous medium, this repre- 
sents an increase of about 73% of the heat transfer for the first 
situation and a decrease of 41% for the second one. A similar 
trend is observed for 0 = 45 °, although the differences are less 
important. As the permeability of the porous medium Da is 
increased, the boundaur frictional resistance becomes gradually 
more important and ad,:ls to the bulk frictional drag induced by 
the solid matrix to slow down the convection motion. As a result, 
the effects of varying the anisotropy of the porous medium 
become less and less :important. Also, the value of the heat 
transfer within the cavity drops significantly. When Da is high 
enough; i.e., when the resistance resulting from the boundary 
effects is predominant with respect to that due to the solid 
matrix, the present solution approaches that for a pure viscous 
fluid, Equation 40, and this independently of the anisotropy of 
the porous medium. This situation is reached when Da - 10 for 
the conditions of Figure 6. 
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Figure 6 Effect of the Darcy number on Nusselt number for 
R----500 and various values of K* and 0 

Another view of the effect of varying Da on the heat transfer 
is depicted in Figure 7 where a correlation of Nu as a function of 
Da is presented for R = 500 and 1000 and K* = 0.25 and 4. The 
Nusselt number predicted by Brinkman's model starts to deviate 
from Darcy's model at Da = 10 -6, when the convective motion is 
relatively high (R = 103, K* = 0.25), and Da --- 10 -5 when it is 
relatively low (R = 5 × 102, K* = 4). The pure viscous fluid situ- 
ation is represented in Figure 7 by dotted lines. This situation is 
reached at approximately Da -- 2 when R = 5 × 102 and Da = 0.5 
for R = 103. For intermediate values of the Darcy number, it is 
seen that, as expected, the anisotropic effects of the porous 
medium become more important as the Rayleigh number is 
made larger. 
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Figure 7 Effect of the Darcy number on Nusselt number for 
R=500 and 1000, e=45 °, and K*=0.25 and 4 
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Figure 8 shows the effects of varying the Darcy number Da 
and anisotropic orientation 0 on the Nusselt number for R = 500 
and K * =  0.25. As expected, when the Darcy number is small 
enough (Da < 10-6), both the numerical and analytical solutions 
are in agreement with Darey's law (Equation 37) represented by 
a dashed line on the graph. In this limit, the heat transfer varies 
considerably with the angle 0. The heat transfer is observed to be 
maximum (minimum) at 0 = 90 ° (0 ° and 180°), in agreement with 
the variation of the strength of the convective flow with 0 
discussed in Figure 4a. Upon increasing the permeability of the 
porous medium (i.e. Da) it is seen that, for the reason explained 
earlier, the heat transfer drops progressively and becomes less 
and less affected by 0. For example, the case with Da = 10-z 
corresponds to a pure fluide situation for which Nu = (2.25), in 
agreement with Equation 40, independently of 0. 

C o n c l u s i o n s  

The problem of a vertical rectangular porous cavity, subject to 
constant heat fluxes applied on the side walls, has been investi- 
gated. The porous medium is assumed to be hydrodynamically 
anisotropic, with the principal axes of anisotropic permeability 
inclined with respect to the gravity force. The Brinkman-ex- 
tended Darcy model, which allows the no-slip boundary condition 
to be satisfied, is used in the formulation. An analytical solution, 
valid in the boundary-layer regime, is derived on the basis of the 
modified Oseen technique. A finite-difference procedure is also 
developed to assess the validity of the analytical results. A good 
agreement between the boundary-layer solution and numerical 
simulations is obtained in the range of the governing parameters 
considered in this study. The following conclusions are drawn. 
(1) When Da is small enough (low-porosity media), the flow field 

resembles that given by a pure Darcy analysis. For this 
situation, which holds for Da < 10 -6, the viscous effects near 
the boundaries are negligible, and both the permeability ratio 
and inclination of the principal axes of anisotropic permeabil- 
ity have a strong influence on the convection heat transfer. 

(2) For intermediate values of Da, the boundary frictional resis- 
tance becomes gradually more important, as Da is increased, 
and adds to the bulk frictional drag induced by the solid 
matrix to slow down the convection motion. As a result, the 
effects of the anisotropic permeability of the porous medium 
on the convection heat transfer are progressively inhibited. 

(3) When Da is large enough (Da > 10), the present solution, 
based on the Brinkman-extended Darcy model, approaches 
that of a pure fluid medium (in the absence of inertia 
effects). 
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